Introduction
Metamaterials (MTMs) are generally referred to as mate− rials or structures with electromagnetic properties that have been artificially tailored to improve the performance of con− ventional microwave and/or optical devices and exhibit new electrodynamic phenomena [1] [2] [3] . For example, MTMs can have negative permittivity and permeability simultaneously [3] , i.e., double−negative (DNG) materials, whereas conven− tional dielectric materials are only double−positive (DPS) materials. Similarly, artificial single−negative (SNG) mate− rials, i.e., epsilon−negative (ENG) or mu−negative (MNG) materials [1, 4] , can also be included as MTMs and have many potential applications, while natural media, such as plasmas, metals, and ferrites can also exhibit an SNG pro− perty under certain conditions. Plus, epsilon−near−zero (ENZ) and mu−near−zero (MNZ) materials are another type of MTM with potential application to microwave and optical devices, where conventional dielectric and magnetic mate− rials cannot achieve the same performance [4] . Recent atten− tion on MTMs has also led to extensive studies of various MTM waveguide configurations (see Ref. 5 and the refe− rences therein), including a grounded dielectric slab, asym− metric dielectric slab, and multilayered dielectric slabs, all of which are important planar waveguide structures utilized in many microwave and/or optical frequency devices [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Examples of abnormal electromagnetic wave pro− pagations and associated phenomena in MTM waveguides include the coexistence of forward and backward wave mo− des [8] [9] [10] [11] 16 ], a sign−varying energy flux [12, 13] , surface wave suppression (or the absence of a specific mode) [10, 14] , and a zero or negative group velocity [11, 15] . These un− usual phenomena, which are rarely been observed in con− ventional waveguiding structures, are entirely or partially due to the negative signs of the material parameters of the MTM inclusions. In particular, waveguiding structures with negative media are advantageous in nanophotonics applica− tions due to their subwavelength nanometric modal dimen− sions and potential for facilitating other complex photonic media, such as nonlinear and/or gain media, which can be used for special functionalities in nanophotonic devices.
A planar slab waveguide is one of the simplest and most important guiding structures in terms of understanding the fundamental properties of modal solutions, and is directly associated to the aforementioned planar cousin structures of a grounded slab, asymmetric slab, and multilayered slabs. Thus, understanding the basic modal property of a planar slab waveguide is essential to investigate the modal proper− ties of its various derivatives. Recently, a comparative study of the guided dispersion characteristics of DNG slab wave− guides and their DPS counterparts with the same absolute value for the refractive index and a variety of dielectric and magnetic constants was reported by one of the current au− thors [5] . Accordingly, this study conducts a comparison of the guided modal properties of DNG and SNG slab wa− veguides, both of which have already been extensively stud− ied and applied to novel electromagnetic devices. Although the signs of the material constants are the principal factor influencing the guided dispersion characteristics and indis− pensible to any analysis of new physical findings and their potential applications, the effect of the signs on the guided dispersion characteristics when varying the material para− meters has not yet been studied systematically.
In this study, the guided dispersion characteristics of SNG and DNG slab waveguides are analyzed with a variety of material combinations and a comparison made in the case of the coexistence of guided mode solutions for both slab waveguides. Several anomalous modal properties are also discussed along with previously published results. Further− more, to clarify and compare the effect of the signs and inter−relationship between the dielectric and magnetic con− stants on the guided dispersion characteristics of the SNG and DNG slab waveguides, two effective material parame− ters and its absolute value of the product are selected as con− stants to facilitate a reasonable comparison of the slabs. Figure 1 shows a schematic illustration of the planar slab waveguide geometry. The height of the slab is 2h and the propagation in the +z direction. For two−dimensional con− siderations, there is also a tacit assumption of no field varia− tions in the y−direction, i.e., ¶ ¶ ( ) / × = y 0. The relative per− mittivity and permeability (dielectric and magnetic con− stants) of the slab region (|x| < h, region 1) are denoted by e r1 and μ r1 , respectively, and varied, while outside the slab region (|x| > h, region 2) is assumed to be a free space region, i.e., e r2 = μ r2 = 1.0.
Characteristic equations
The characteristic equations for DNG slab waveguides can be obtained by applying boundary conditions to the tan− gential field components at the interface between two differ− ent media, which are identical to those for conventional dielectric waveguides [17] . Thus, the equations for the TM 0 and TM 1 modes can be obtained as follows, respectively.
where k 1 and k 2 are the transverse propagation constants in the slab and free space regions, respectively, and related to the propagation constant in the +z direction as
respectively, where b and k 0 are the propagation constant in the +z direction and free space wave number, respectively. The TM 0 and TM 1 modes are referred to as asymmetric and symmetric modes, respectively, due to their field profiles over the x−direction [5] . Based on these relations, the allo− wed range for the normalized propagation constant (b/k 0 ) is restricted to m e b m e r r r r
, which is the same as that for a conventional dielectric slab waveguide. Mean− while, the field profiles for the inside and outside slab regions in the x−direction are oscillatory and evanescent, respectively, which are also identical to those for a conven− tional dielectric slab waveguide. Therefore, this mode is called the ordinary surface (OS) mode.
In a SNG slab waveguide, since the product of m e r r 1 1 is always negative, the transverse propagation constant in the slab region should be modified to
implying evanescent field profiles in the slab region. As a result, the characteristic equations for the TM 0 and TM 1 modes are also respectively modified from Eqs. (1) and (2) as follows
Since the field profiles in both regions are evanescent, as observed in surface plasmons [18] , this mode is called the surface plasmon (SP) mode. This mode can be found in both SNG and DNG slabs, and the field intensity at the SNG (or DNG)-DPS interface is strongest. Thus, the allowed range for the normalized propagation constant for the SP mode is given by b m e k Based on the duality, the characteristic equations for the TE mode can be readily obtained by interchanging the dielectric and magnetic constants with those for the TM mode, as shown in Eqs. (1) to (4) . The normalized propaga− tion constant for the TE mode is also the same as that for the TM mode if the dielectric constant is replaced with the same value as that for the magnetic constant. Therefore, for sim− plicity and without any loss of generality, this study only considers the TM mode. The transcendental characteristic equations are numerically solved, and the results are shown and discussed in the next section. Figure 2 shows the guided dispersion characteristics of the ENG slab waveguide when varying the negative dielectric constants and keeping the absolute value of the product of the dielectric and magnetic constants identical, in this case, |e r1 μ r1 | = 4.0. For the TM 0 mode, guided mode solutions Fig. 1 . Geometry of planar slab waveguide. The height of the slab is given by 2h, the dielectric constants of the slab and surrounding re− gions are e r1 and e r2 , respectively, and the magnetic constants are μ r1 and μ r2 , respectively.
Numerical results and discussion

Single-negative (SNG) slab waveguides
existed for any negative dielectric constant, as shown in Fig. 2(a) . Forward and backward waves with positive and negative slopes, respectively, coexisted below the bifurca− tion frequency, where the curves with positive and negative slopes met, in this case -e r1 ³ 1.0, whereas only forward waves existed for the cases of e r1 = -1.05, 2.0, -4.0, and -8.0. Throughout this paper, black and grey lines are used for forward and backward waves, respectively. For e r1 = -1.01 and -1.03, small portions of backward waves were supportable, as shown in the inset of Fig. 2 , resulting in a simultaneous three−fold propagation, i.e., two forward waves and a backward wave in between, at the same nor− malized frequency, which has only been observed in cases of hybrid modes for DNG indexed cylindrical guiding struc− tures [19] [20] [21] . Thus, the possibility of a three−fold propaga− tion along a planar SNG slab waveguide was demonstrated under certain conditions, such as when the absolute value of the negative dielectric constant was little bit higher and the magnetic constant was much higher than those of the sur− rounding medium. While a guided TM 0 mode solution existed for any negative dielectric constant, a guided TM 1 mode only existed as a backward wave for -e r1 < 1.0 and no forward waves were found. For -e r1 > 1.0, the normalized propagation constant for the TM 0 (forward wave) and TM 1 (backward wave) modes asymptotically approached to spe− cific values as the normalized frequency k 0 h increased. These values can be obtained using a general expression of the dispersion relation of the TM mode for a single ENG-dielectric interface, i.e., 
At a higher normalized frequency, i.e., conditions of either a very thick slab or a very high operating frequency, guiding SP modes do not "feel" the thickness of the slab. Thus, the TM 0 and TM 1 modes were indistinguishable and shared common features, where both guided mode solutions approached the same value for the normalized propagation constant when -e r1 > 1.0, as shown on the right−hand side in Figs. 2(a) and 2(b) . When the negative value of the dielec− tric constant was very high, the TM mode propagation seemed to be very similar to the propagation of the free space wave, i.e., b @ k 0 , meaning that the confinement of the TM mode along the ENG slabs with a positive MNZ index or the TE mode along the MNG slabs with a positive ENZ index was not effectively confined within the slab region, even when using a very high negative value for the dielectric and magnetic constants of the TM and TE modes. Figure 3 shows the dispersion curves of the TM modes for the DNG slab waveguides. The guided mode solution of the TM 0 mode for the DNG slab existed as a backward wave form only when -e r1 < 1.0, as shown in Fig. 3(a) and also predicted by Baccarelli et al. [14] , while the TM 1 mode for the DNG slab always existed, regardless of a negative value for the dielectric constant, as shown in Fig. 3(b) . This exis− tence condition for the modal solutions should be noted with the previous ENG slab case, which will be discussed in Sect. 3.3. At a higher normalized frequency, corresponding to a higher operating frequency or thicker slab, as mentioned previously, the normalized propagation constant also ap− proached the values obtained from Eq. (5). Even when the negative value of the dielectric constant was very low, the normalized propagation constants were not lower than 2 0 1 1 . ( ) = e m r r , the upper limit of the OS mode, as men− tioned in the previous section, which means that the TM 0 mode of the DNG slab waveguide did not support the OS mode nor any forward waves. Meanwhile, the TM 1 mode did support the OS mode, as shown in Fig. 3(b) , that is, a normalized propagation constant lower than 2.0 was able to exist in the OS mode region as both forward and back− ward wave forms. Nonetheless, although a forward TM 1 mode existed both in the OS and SP mode regions, its exis− tence was restricted by the condition of -e r1 < 1.0 and only backward waves existed when -e r1 ³ 1.0. The three−fold propagation found in the ENG slab did not occur in the DNG slab. The TM 1 mode of the DNG slab had a cutoff at k 0 h = 0.907, i.e., b/k 0 = 1.0 at k 0 h = 0.907, which was the same for the DPS slab when the value of |e r1 μ r1 | for the DNG and DPS slabs was the same [5] . While higher order modes, i.e., m ³ 2, did not exist for the ENG slab, the DNG slab was able to support higher order modes. However, they all ex− isted in the OS mode region [5] , which was not a present concern. When the negative value of the dielectric constant was very low, the TM mode propagation seemed to be very similar to the wave propagation in the space filled with the DNG materials, i.e., b m e @ k r r 0 1 1 , meaning the confine− ment property of the TM mode along the DNG slabs with a negative ENZ index or the TE mode along the DNG slabs with a negative MNZ index became much closer to the propagation in the space filled with the DNG medium, even when very high dielectric or magnetic constants were used.
Double-negative (DNG) slab waveguides
Comparison of SNG and DNG slab waveguides
Based on the results in Figs. 2 and 3 , the guided dispersion characteristics of the ENG and DNG slab waveguides were compared within a range of -e r1 < 1.0 and -e r1 > 1.0 for the TM 0 and TM 1 modes, respectively, as summarized in Table  1 and shown in Fig. 4 , where the solid and dashed lines rep− resent the normalized propagation constants of the ENG and DNG slabs, respectively. When -e r1 < 1.0, the TM 0 mode for the ENG slab was restricted in its existence below the bi− furcation frequency, as shown in Fig. 4(a) and Fig. 2(a) . When the normalized frequency decreased below the bifur− cation frequency, the forward wave branch of the ENG slab decreased to a unity normalized propagation constant with a zero cutoff property, while the backward wave branch in− creased to a higher value and approached the normalized propagation constants of the DNG slabs, which exhibited backward wave propagation, as previously mentioned. Al− though the guided TM 0 mode solutions for the ENG and DNG slab waveguides were almost the same at a lower nor− malized frequency, such as k 0 h < 0.1, corresponding to a very thin slab or low operating frequency regime, those for the ENG and DNG slabs became quite different in a higher normalized frequency region. Likewise, a similar observa− tion was also been made for the TM 1 mode, as shown in Fig. 4(b) . It should be noted that the coexistence condition of the TM 1 modes for the ENG and DNG slabs was given as -e r1 > 1.0, as shown in Table 1 quency, the dispersion curve for the DNG slab asymptoti− cally approached that for the ENG slab waveguides when the normalized frequency decreased, as in the previous case of the TM 0 mode. Thus, it was concluded that the backward wave propagation characteristics of the ENG and DNG slabs were very similar in a lower normalized frequency re− gion, meaning that the effect of an opposite sign for the magnetic constants was negligible for the guided dispersion characteristics when the thickness of the ENG or DNG slab was very thin or the operating frequency very low. The backward TM 1 modes of the DNG slab waveguides suffered from a cutoff at k 0 h = 0.907, as shown in the inset of Fig. 4(b) , so no guided mode solutions were found at k 0 h > 0.907. Meanwhile, the guided backward TM 1 mode solutions of the ENG slab waveguides were seen to ap− proach the normalized propagation constants of the single interface obtained from Eq. (5) without suffering from a cutoff as the normalized frequency increased.
Conclusions
The guided dispersion characteristics of ENG and DNG slab waveguides with varying material parameters in the slab regions were investigated as regards the fundamental sym− metric and asymmetric modes, and compared with each other under the condition of the coexistence of guided mode solutions for both slabs. At a lower normalized frequency, i.e., lower operating frequency or thinner slab thickness, the guided dispersion characteristics of the ENG and DNG slabs became quite similar in the form of a backward wave, representing that the role of the polarity of the magnetic constant was negligible, whereas the sign of the magnetic constants became critical with a higher normalized fre− quency regime, corresponding to a higher operating fre− quency or thicker slab thickness. In addition, a three−fold propagation, i.e., two forward and a backward wave at the same normalized frequency, was only found in the ENG slab under certain conditions. The results observed in this study may be considered as a critical reference when desig− ning slab waveguide−based nanophotonic devices partially adopting ENG and/or DNG indexed layers. As mentioned earlier, the slab waveguide structure is one of most simplest and fundamental guiding structures being used in lots of applications in microwave and optics regimes and its SNG / DNG counterparts are advantageous in subwavelength modal dimensions, for an instance, over the conventional dielectric slabs. In light of the possibility for the experimental feasibility, it should be mentioned that the arbitrary values of DPS/SNG/DNG material constants can be effectively realized through several different appro− aches such as metallic wires [22] /split ring resonators [23] , photonic/electromagnetic crystals [24, 25] , magneto−dielec− trics [25] [26] [27] , dielectric spheres [27, 28] , among many oth− ers. So, the slab structure of finite height like shown in Fig. 1 can be possibly made by adopting aforementioned approaches and the surface slow waves as guided modes along the slab can be excited by using conventional prism or grating coupling schemes. In addition, recent efforts to de− velop lossless or very low−loss negative−indexed materials have also been reported [29, 30] . Thus, a perspective for the experimental realization of the guided dispersion characte− ristics observed in this study is expected to be rather positive.
